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To develop a numerical solution of mentioned equations the method of
factorized projection of integral operator kernel is applied. All matrix
elements of the method are calculated analytically, being expressed in terms
of two types of standard integrals: the overlap integrals and one-electron
Coulomb integrals. To calculate the integrals we used the O(4)-symmetry of
hydrogen-like atomic orbitals as well as operational technique of differenti-
ation with respect to scalar and vector parameters.
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1. Introduction

In this work we consider the numerical approach to solution of the integral
Hartree-Fock equations for molecules. This approach can be used for ab initio
calculations of terms of many-atomic molecules by the method of MO LCAO.
The characteristic property of the approach resides in the fact that the parameters
of the AO-exponents are calculated during the solution of Hartree-Fock
probiem.

This work presents the development and revision of work [1], wherein the
approach of factorized projection was presented to solve the integral Hartree-
Fock equations for molecules numerically by the method of MO LCAOQO in
momentum space.
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We have chosen the momentum space instead of the coordinate one for two
reasons. First, it is possible to rewrite the system of Hartree-Fock equations in
the form of a single scalar equation similar to Hartree equation, including,
however, exchange part of two-electron interaction. Second, there is an attractive
possibility of taking into account the O(4)-symmetry of hydrogen-like AO to
transform the integral Hartree—Fock equation to an integral equation describing
solely the discrete spectrum of one-electron states. In essence, this transformation
implies the conversion to Sturm’s eigenvalue problem with the potential, permit-
ting the finite motion only, as in the case of the harmonic oscillator.

This work pursues the practical objective: to develop a suitable algorithm for
solution of Hartree-Fock problem for atoms and molecules by the method of
MO LCAQO; the algorithm, combining analytical rigor with the possibility of
analyzing the matrix elements by consideration of separate contributions with
clear physical sense.

2. Integral Hartree-Fock Equation for a Closed Electronic Shell of a
Molecule and the Method of MO LCAO

Let us write the Hartree-Fock equations for a closed electronic shell of a molecule
in the form of a single scalar equation in the momentum space [2]. In the atomic
units of length, charge, energy and mass this equation has the form

1
Ho™+ phou(p)—5 3 | K (o 0Wu(p) dp’ =0, 2.1)
o
The kernel of the integral operator is '
K(p,p)=G(p,p)—2F(p,p)+f(p,P") (2.2)
where
G(p,p") =Y Z. exp[~i(p—p"\RJp—p") ", (2.3a)
el 3 2
Flo.0)= £ [ wF o =nuo—n dn(p—p) 7, (23b)
n,/2 3
fo.0)= & [ 07 ' —m(p—w d'n, (2.30)
=

Z, and R, are the charge and the coordinates of ath nucleus in the molecule
respectively.

It is easy to check, that the kernel K (p, p’) has the Hermitian character:
K(p,p)=K*(p',p)

where the sign * means the complex conjugation. The parameter py; is connected
with the energy &; of the ith electron by the relation

p(z)i = —28i. (24)
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When the spectrum is discrete, the parameter po; is a real number, when the
spectrum is continuous, po; becomes an imaginary number.

The integral Eq. (2.1) is an integral equation of the third kind.

The Eq. (2.1) can be reduced to an integral equation of the second kind by
means of transformation of momentum p from Cartesian coordinates to Fock
coordinates [3]. The latter determine the surface of 4-dimensional unit sphere
in terms of the angles «, 6, ¢.

Fock transformation for the momentum p has the form

2p0ipx . .
=—5——5=S§In « sin & cos ¢,
$T
2poi . o
n=;2—p—:_%=sma sin § sin ¢,
Qi
) (2.5)
(=—2pm—p22=sina cos 6,
pPoit+p
poi—p°
x= % 5 = COS a, a,0el0, 7], ¢€l0,27].

poitp

The wave-function of ith electron can be transformed with the help of Eq. (2.5)
as follows:

Gi(p) =273 (pai +pV) 2 Wila, 6, @). (2.6)

The function ¥;(a, 6, ¢) satisfies the integral equation of the second kind
Pt =Y [ K(@, 0w () a0, @.7)

where
K(Q, Q) =G, Q) -2F(Q, Q)+ F(Q,, Q) i=1,2,...,n/2, (2.8)

and

G(Q, Q) =Y Z, e """ R[4 5in” (w,/2)] ", (2.92)
ne/2
F@, Q)= 3 j vf (p'=m)gy(p —m) d’n4sin” (w,/2)], (2.9b)
n,/2
@, Q)= % j n ¢ (0 = m;(p—m) dn(p®+p5)(p” +p5y). (2.9¢)

The symbol ; stands for the set of angles (a;, 6, ¢;), the surface element of
4-sphere dQ); = sin® @; - sin 6; do; d6; do;, »; means the angle between the points
of 4-sphere, which have the coordinates 2; and Q..

To solve the integral equation (2.7) means to find the expansion of the kernel
K (Q;, Q) in bilinear series of functions, which depend on arguments Q; and Q!
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separately. The calculation of these functions provides the solution of eigenvalue
problem (2.7).

In case of a single electron we have F =f=0. Then, as was shown in [4], the
expansion of [4 sin” (w;/2)]" in series of 4-dimensional spherical harmonics with
subsequent diagonalization of the overlap matrix of the harmonics, centered in
atoms of the molecule, yields exact solution of one-electron Schrodinger equation
in the form of MO LCAOQO. The same form of the solution was obtained in [5].

Comparing the kernels G and F in Eq. (2.9) and taking into account the
normalization property of the functions ;(p) we can make a conclusion that the
singular part, [4 sin® (w;/2)]"", of the kernel K determines (in case of molecules
with non-negative total charge) the character of discrete electronic terms, their
denumerable set having a point of level, crowding similar to one of a hydrogen-
like atom.

The exchange part f (2.9¢) of the kernel K does not have singularities at p = p’,
while the function F(p, p') is finite when p - 0 and/or p’' - o as a consequence
of relation (2.6).

However, in case of negatively charged molecules the exchange part of interaction
f can play a leading role in determination of the character of the set of electronic
terms by stabilization of the interaction between nuclei and electrons of the
molecule in the Hartree-Fock equation, the denumerable set of terms becoming
finite or empty. The emptiness of the set means that the Hartree—-Fock equation
(2.7) is not applicable for the description of a given stable molecular system. In
this case the consideration of correlation between the motion of electrons in the
molecule is of principal importance.

When solving the Eq. (2.7), one usually encounters two questions. The first is
how to find initial models of MO ¢;(p) for the purpose of calculation of kernels
F and f. The second is how to construct the bilinear expansion of the kernel K
(2.8) of the integral equation (2.7) for these initial models. These questions are
interrelated.

From the viewpoint of numerical solution of Eq. (2.7) the account of asymptotic
properties of MO ¢; at p—>0o0 does not seem to be important. However, a
consideration of these properties seems essential to us, since the similarity of
the MO-asymptotic forms for Schrodinger equation with the kernel (2.9a) and
for Hartree—Fock equation with the kernel (2.8) shows the expediency to apply
the hydrogen-like AO for bilinear expansion of the kernel K as well as for
modelling the initial MO when calculating the kernels F and f. Schrodinger’s
MO have the following valuable feature. Being substituted into the integrals
(2.9b) and (2.9¢) they do not result in the appearance of the functions with
asymptotic forms other than AO of hydrogen-like type (HAQO) in the expansions
of the kernels F and f. This feature of HAOQ is of principal importance both in
the theory of Hartree~Fock equation (2.7), and in the development of numerical
approaches to its solution. Therefore, we suppose, that the basis of HAO is the
most natural for numerical solution of the Eq. (2.7).
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To solve the integral equation (2.7) numerically let us apply the method of
factorized projection of the kernel (2.8) developed in [1]. Formally speaking,
the method consists in the solution of the system of equations

2 [A (Ums Un)Cn — (U, Kttn)e,]=0 (2.10)

where u, are the basis functions, K is the kernel (2.8), A is a parameter of the
equation, ¢, is an eigenvector of the equation, (i, u.) and (¢, Ku,) are the
matrix elements.

Since the kernel K algebraically depends on the eigenvectors ¢,, the Egs. (2.10)
are algebraic. When the kernel K is fixed with respect to ¢,, these equations
become linear. Therefore, at each iteration the problem is reduced to combined
diagonalization of two Hermitian matrices of finite dimension, the main problem
consisting in the calculation of the matrix elements of (u,,, u,) and (4., Kuy,).

3. Derivation of Expressions for the Matrix Elements

So, we take 4-dimensional spherical harmonics W, (€;) e ”%%, centered in the
nuclei of the molecule, as the basis functions, which the solution ¥;({};) is
projected on. The integer numbers n, [ and m define a spherical harmonic on
the surface of 4-dimensional sphere, the index k being equal to the number of
a nucleus with coordinates R;.

The matrix equation for eigenvectors ¢; and eigenvalues po; has the form
po:Se; = He; (3.1)

where the matrix elements are defined by the following integrals

s 1 :
ST = j PR () A,

2

T
(3.2)
Ry =R, — Ry,
n'l'm'k’ 1 ipR '
Hnlmk -~ j € kanlm (QI)K(QI’ Ql)
2
X e PR pk, . (Q)) dQ} dQ. (3.3)

The matrix elements of S-type represent the overlap integrals of the basis
functions centered in the nuclei of the molecule.

The matrix elements of H -type include one-electron integrals of the interaction
between electrons and nuclei of the molecule as well as interaction integrals of
the electrons.

Consider the calculation of all these integrals in succession.
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3.1. Matrix Elements of S

n'I'm'k’

The matrix elements S, = of (3.2) were calculated in [6], where they were
designated as S™hm' (Re). The matrix elements of S can be calculated with the
help of Wigner-Biedenharn theorem [7] about the expansion of a product of
O(4)-harmonics in finite series of O(4)-harmonics with subsequent application
of Fourier-transformation of HAO from momentum space to coordinate space.

The final result for the matrix element of S is as follows:

mmk © =Y a0 unponera(Rie) Tnlm, n'l'm'; NLM), (3.4)

NLM
where unp, e (R) is HAO in the coordinate space, and

_ 4pi,
T(nlm, n'l'm’; NLM) = (272 1J 2p W e (€0:)
Poi+p

0i

X W i ()W Rrar () Q. (3.5)

The coefficients T are calculated in terms of the integrals of the product of three
O(4)-harmonics in a following way:

T(nlm,n'l'm'; NLM)=2C(nim, n'l'm'; NLM)
+ 5 C¥n'l'm', vLM ; nlm)

v=|N=-2[+1(2)N+1
x C*(NLM, 200; vLM), (3.6)

where
1
Cnim,n'l'm', NLM) = 7 J Vot Q)W (1)
T

X W () dQ. 3.7)

In a special article we shall consider the practical calculation of the coefficients
C(nim, n'l'm', NLM). Here we note that the coefficients (3.7) become zero
unless the numbers N, L, M satisfy the following conditions

N=|n—n'|+1,|n—n'|+3,...,n+n" =3, n+n'—1,
N>L=I-0|,I-0U|+2,...,1+1'=2,1+1, (3.7a)
M=m+m'

Hydrogen-like atomic orbitals have the following form in the coordinate space
U Npoo NLM(T) = Rup.(poir) Y (), (3.8)
where

R (poir) = CNL(zpoﬂ)LLJZ\{leA (2poir) e (3.9)
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Y. (F) is the spherical function in R, L, (z) is the associated Laguerre polynomial

(81,
Car. =202 IN(N+L)Y/(N—-L—-1)1"", (3.10)

# is a unit vector in the direction of r.

3.2. Matrix elements of H

To calculate the matrix elements of H-type (3.3) it is necessary to have the
approximations for molecular orbitals with which the kernels F and f can be
calculated.

In the method of factorized projection of the kernel (2.8) the wave functions ¢;
are constructed in the form of LCAO or their iterations by the kernel (2.8) of
the integral equation (2.7). That is why our calculations of the matrix elements
of H may have various degrees of complication depending on the chosen way
of construction of . Let us choose the method of construction of ¢;(p) in the
form of LCAO with AO having HAO-type given in the momentum space as
follows:

¥i(p) =NLZMQC§VLMae_ipRadf?,<NLM(p) (3.11)
where HAO ¢Fya(p) has the form
Winea(p) =277 pol (Poi+ ) Vinem(p, 6, @), (3.12)
where
inare(p. 6,60)= b 2202 (L) B0, ), (3.13)
Poi+p Poi+p

C.(z) is the Gegenbauer polynomial [8], bnr=(-1)N™"" 27" [N(N -
L-DY/(N +L)!]1/ 2 Yim(6, ¢) is the modified spherical harmonic which is
related to the usual spherical harmonic:

Vi (6, ¢) = ()" Yim (6, ). (3.14)

With the help of the coordinates (2.5) the function Wa; 4 (p, 8, ¢) can be rewritten
as a 4-dimensional spherical harmonic, which depends on the angles a, 6§ and ¢:

Waeal(a, 6, @)= bni. sin” aCIL\JtlL—l (cos @) YLM(G, ®). (3.15)

Now let us calculate the kernels F(£,, ;) and f({);, Q}) given by the formulae
(2.9b, ¢).
"2 2 1
F= Y Fil4sin® (w/2)]" (3.16)

]

where

F= [ wr @ -mw(p—w d*n. (3.17)
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n,/2
f= Z (P> +ps)(p”+pds). (3.18)
where
fi= [ 77 @' =i —m) d*n. (3.19)

Let us substitute the function ¢;(p) which is given by the expression (3.11) into
the integrals F; and f,.

F;= Z x CfNLMaC AN'L'M’'a’
NLMa N'L'M’a’
ip'R_,—ipR R
Xe® T "J' m v (P "l)lP]NLM(P M) d3 (3.20)
fj = Z Z c?jNLMa CiN'L'M'a’

NLMa N'L'M'a’
X ¢PRa PRy J emR““'n_Zl//j,N'L'M' (p' _n)$fNLM(p -m) d3"]- (3.21)
The calculation of the integrals over d°m in Egs. (3.20) and (3.21) presents a

serious problem.

The substitution of Egs. (3.20) and (3.21) into Egs. (3.16) and (3.18) respectively,
followed by the substitution of the kernels F and f into the matrix element of
H (3.3) yields the following general expression:

HIY = [zz ”e""“kawnzm(n,-)

xe v Rew @45’ 2] a0ag;

n,/2

-2¥Y X Y CiNiMaCiNTMa JJ ePRap,, (Q)

j=1 NLMa N'L'’M'’a’
X J‘ R Winoa (p' "1)(!’1 ~em(p—m) d3
X e P Rea gk, ()[4 sin” (wi/2)] ' dQ:d Q)

n,/2

+ 2 Z Z C;I:NLMaci,N’L’M’a’
j=1 NLMa N'L'M'a’

X JJ e PRl () (p° + pdi)
X _[ e en 2y nae (P =Y fnead(p—m) dn

xR W, QP+ ph) d0 0] (3:22)
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Investigation of Eq. (3.22) shows that the calculations of all the integrals require
an addition theorem for HAO in the momentum space. Such a theorem cannot
be obtained in terms of a finite sum, therefore we need such a formulation of
the theorem that the series factorizing the function .. (p —n) with respect to
the arguments p and m, should have minimal number of indices of the infinite
summation.

We derived such a theorem in [9]. In this work we present the expression omitting
the derivation:

(prm,nlm(p - k) = 4(7"p02)1/2 N%M (‘1)L(P(2)2 +p2)_1qIP02,NLM(p)

X ¥ G Ii;\lffl;llmB ZIKIL‘/f oLt (K) (3.23)
N'L'M'
where po= po1+ pPo>. The sum is finite with respect to the indices N'L'M’, L, M,
being infinite with respect to N.

In the Eq. (3.23) the coefficient Gﬁ}l\‘f;,m is well-known Gaunt integral,
T a2
G Lnm = f j Yim(6, ©) Yim(6, @) Yir (6, ¢) sin 6 a8 do, (3.24)
0 Y0

the coefficient BZ'.,I,(}L is determined by the expression
B = CuCrne Crp [ITIN'+ L'+ D]

n—{—1 N—-L-1

X Y ¥ (D)"PL-l-L-a-B)n-p-1(a! BN
a=0 B=0

X (Po1/Po)* (Po2/po)’T(L' + 1+ L+2+a +B)

S (W o) (3.25)

the coefficients Cyr- being given by Eq. (3.10), wherein po; should be substituted
by the parameter po.

As we see from the expansion (3.23), HAO V¥, , nra(p) and ¢, nooar (k) belong
to spaces with different scales characterized by the parameters po; and po
respectively. The parameter pq, is arbitrary in the region of positive real numbers
and it is to be chosen as applied to a concrete problem.

Let us consider the expression (3.22) which is the sum of three contributions:
one-electron contribution as well as Coulomb and exchange two-electron
contributions.

By means of addition theorem (3.23) for HAO ¢, neas(p —n) and ¢ nvrae (P’ ~m)
we can reduce two-electron integrals to overlap integrals of HAO and one-
electron integrals occurring in the first contribution to Eq. (3.22). In this connec-
tion a curious fact should be mentioned that two-electron exchange integrals
are calculated more easily than Coulomb integrals, since the former include two
infinite summations, while the latter include one more infinite summation arising
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when calculating the Coulomb integrals of one-electron type. Note that two-
electron Coulomb integrals can also be reduced to double infinite summation.
In this case, however, one-electron Coulomb integrals arise which are more
complicated than the standard integrals we want to reduce the problem of
calculating the matrix element (3.22) to.

Although our misgivings of that kind may not be well-founded, we prefer the
way of calculation described in what follows.

So we first calculate the integrals over d°q in Eq. (3.22), i.e. the quantities
constituting F; and f;.

Let us introduce the notation:

F(NLM, N'L'M’, R) = j ey nne (B - WU h(p—m) &, (3.26)

fi(NLM, N'L'M',R)= J. ei"R’fI _2¢j,N'L'M' (' “"l)lff?fNLM(P -n) d3"l- (3.27)

Substituting the expansion (3.23), where we put po1 = poj, Po2=po; into Egs.
(3.26) and (3.27), then we have

F(NLM,N'L'M',R)=16mp,; Y (-1)"""i(pd+p) 7 (pbi+p™ ™"

Ni{LiMj
X \P:OiaNlLlMl(p)“l,p()i,NiLiMi(P’)

L2M2 N2L2
X ¥ Y GOMmBnNL AL,
NaLoM, N5LAMS

LiM., NiL)
X GrimomB NN
* inR ;3.
XJ W poNoLant, (WY ponsLsms (M) e d7my; (3.28)

FINLM,N'L'M', R)=16mpo; Y Y (-D"*H(pi+p) '(poi+p™™
NyjL{M; N{LiM{

X \I’:’km,NlL1M1(p)\Ppoi,N{LiMi(P’)

L2M2 NZLZ
X X Y Goad.mBni R,
NaLyMy N3LGMS

LMY NIL?
2 2 272
X Grimtom B NN

x J‘ ™ Y N ovt, (W ponsrsms (M) A0, (3.29)

where po= po: + po;. The integrals over d’xn in Egs. (3.28) and (3.29) can be
calculated in a closed form. This will be done later.

Let us substitute the expressions (3.28) and (3.29) into the matrix element
(3.22). After some algebra we obtain the following integrals over the variables
Q; and Q!:
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(1) The integrals of one-electron part
Q1= [ ] e (@4 s (/207

x e R () A dQ (3.30)

(2) The integrals of two-electron Coulomb part
Q= _H. eipR"“‘l’po,»,ntm(Qi)(P%i +p2)_1\P;<0i.N1L1M1(Qi)

X [4 Sin2 (wi/z)]_l e‘ip’Rk'a'q,:o,-,n’l’m’(Q;)
X (Por+p") W ponizines () dQ; QL (3.31)

(3) The integrals of two-electron exchange part

Q= f W ot Q)Y e na, (Q) A

XJ e PR ( QDY v iLims () QL. (3.32)

It follows from the comparison with the integral (3.2) that the integral Qs can
- be expressed in terms of the integrals of S-type, namely

2N L. M,agn'l'm'k’
Qs = (Q2m°)’Shbid S NI LM (3.33)

The integral Q, can be easily reduced to a linear combination of integrals of
Q;-type. To perform this one can use Wigner-Biedenharn theorem about the
expansion of a product of spherical harmonics in finite series in Rj.

Thus, it is necessary to calculate the integral of Q;-type. There are at least two
possible approaches here. The first one is to expand the kernel [4 sin® (w;/2)] ™"
in bilinear series of O(4)-harmonics. Then the integral has the form of infinite
series of the functions S which are given by the Eq. (3.2). Such a series has
absolute convergence, but for practical purposes the rate of this convergence is
not sufficient since the integral Q, includes a sum over multipoles, i.e. over
power functions of R‘l, the power function of distances Ry, and R4 being
expanded in series of the functions of exponential decrease.

The second approach just provides the overcoming of this disadvantage, the
expansion of the integral Q; being carried out in multipoles as well as exponen-
tially decreasing functions of interatomic distances simultaneously.

So, let us consider the integral Q; given by the expression (3.30), and let us
make the transformation from R,-space to R;-space by means of the Eq. (2.6)
and following relations:

lp—p'1 7%= Q2po)[(pd: +p*)(p3: + p™)4 sin® (0i/2)] 7,

dQ; =[2poi/ (poi+p>)T d’p. (3.34)
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Then
Wi ()[4 sin® (0:/2)] W Frm () dQ, Q]
= (2p0s) 27T por Wisnim (D)W Enree (P 0 — 0| > d°p dp'. (3.35)

Substituting the expression (3.35) into the integral (3.30) we can obtain the
integral

Q1=2poi 7 J J e i m(P)p -0

X e P ReayE 1 (p) dopdp'. (3.36)
With the help of the change of variables p —p' = and the addition theorem for
HAQ (3.23) we can represent the integral Q, as the following sum:
Q1 = 4lmpo) 25t m (-1 T (1) [ o)
2.7

X (p(2)z +p2)—_1¢’i,nlm(p)\ypo,-,w\y,(p) d3P X Z Gi;“;'l’—m’B;:/l\’l;V)\

va'u!
x [ e s ) dm, (337)
Note that
Quene(pos R)= [ ™2 vael) d*n. (3.38)

The integral Q in Eq. (3.38) is a standard Coulomb integral which is worthy of
consideration in detail.

When R =0 we have
Qnrrm(po, 0)= I N W o v (M) dom

= 7N " pot po. e (0). (3.39)
When R # 0 we have

(2L +2)n-r1
(N-L-1)!
XY ag(iVR)F(~N+L+1, =N +3; L+3; Ar/p?)

Qniat(po, R =2%"7""p3 *bar. Cpo) (pa)N !

x J 02 e ™R (P24 iy (3.40)

where the properties of Fourier integral are allowed for, while the polynomial
part of the integrand is taken outside the integral and written in the form of
polynomial differential operator acting on the parameter R. The function
F(a,B, v, z) is the hypergeometric Gauss function reduced to Gegenbauer
polynomial [8] (see also Eq. (3.13)). ¥, is the modified solid harmonic.
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The calculation of the integral (3.40) can be reduced to Bessel transformation
of a rational function. As a result we have

I n 2 e ™ (po+ ) N =DV INY27°RTID s po” (1 - ki /2(poR)]
(3.41)
where Dﬁ’g =q"/ (ap%)N, ki 2{poR) is the reduced Bessel function of half-integer
index which is determined by the recurrent relation
2%kn-1/2(2) = kneasa(z) = 2N + Dknaya(2) (3.42)
with 12_1/2(2) =e 7770, 131/2(2) =g °. .

To calculate the integral (3.41) we represented the integrand fraction as the
elementary fractions:

[n*(po+n)1 " =po’[n "= (p3+n"7"]. (3.43)
Therefore, the integral (3.40) can be written as follows
(RL+2)N—r—1
(N-L-1)!
X (—DN (N 27T (i VR)
XF(~N+L+1,~N+3 L+3 Ar/pd)
x[R™'Dpzpa” =R Dspo”kija(poR)] (3.44)

Onra(po, R) = 23/27‘1?3/2171% (ZPO)L(P%)N‘LQ1

One can easily obtain the result of the action of the operators ¥, /(iVg) and
F(-++; Ag/pd) on the function in the square brackets of Eq. (3.44), taking into
account the following properties of the function:

1
AREZ "47T6(R)

and

Fiag(VR)R =R Ying (R)kp11/2(0)
where

Kra12(0)= QL)LY 27C
and

Ark-1/2(poR) = pak-1/2(poR) —4mp5 ' 5(R). (3.45)
It follows from Eq. (3.45) that when R #0

F(=N+L+1, =N +3; L+3%; Ar/po)k-1/2(poR)

=F(=N+L+1,=N+3; L+3; p3/5o)k-1/2(poR)| 50 (3.46)
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where we have introduced the parameter p, to avoid a confusion with the
differentiation parameter p,. Further, from Eq. (3.45) we also have

Graa((V)k-1/2(poR) = pg R ™" Year(R)kr1/2(poR). (3.47)
So we obtain the following expression for the integral (3.40)

(QL+2)n-11
NiI(N-L-1)!
X R g (R KL 11/2(0)D 35
—Dpspo F(=N+L+1, =N +3; L+3; p3/po)kr+1/2(poR)]

(3.48)

Oneam(po, R)=(—1)N2*"7 2po) (p)N " 'pd?

where po = po is meant.

It is not difficult to carry out the remaining differentiation with respect to p%, if
one takes into account the fact that Gauss function F is a polynomial of the
degree of N—L—1.

Finally the substitution of the following expressions for the derivatives:
Dyipe” = (=1 "N!(ps" )" (3.49a)
and

DYpi®F(=N+L+1,-N+3; L+3; pb/5oYkr+1/2(PoR)| 50-ro

_ N‘ZH (N) ot (“N+L+1,)(~N+3, )[(L+t+ )T Q2N - 1)
B ¢ /P L+3 OT(N+OT(N+L+1)

t

L N-—t —5 si
X[ 20 (‘1)s< s )2 R? kr+1/2-s(poR)

+ Nz_t ( l)s N——t 2—s _2S+2L+1R2L+1I€ ( .R) (3 49b)
- P Do s—L-1/2\Pod .

s=L+1

into the Eq. (3.48) yields a standard working formula for Coulomb integral
Onia(po, R).

It follows from Eq. (3.48) that the Coulomb integral includes both the multipole
contribution which is regular at large distances R, and the contribution with
exponential decrease.

Therefore the mathematical structure of the expression (3.48) leads to the
physically important result concerning the predominance of multipole contribu-
tions to Coulomb integrals at large inter-atomic distances R.

Returning to the integral Q; (3.37) we can see that the integral over d’p which
remained uncalculated coincides up to a coefficient with the function (3.2)
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wherein Ry should be replaced by R, — R, namely

J eiP(Rka‘_Rk'a') (p%' +p2)_1¢p0i,nlm (p)\P.pDi,VA“(p) d3p

= (12" mpal* (2po:) >Stin" (Ria — Ricar). (3.50)
Finally we have
Q.= ("1)m125/277p31(24(7TP01')1/227P51'17T_2
X ¥ (=1)*S0" (Pos Rea— Riva’)

VAR
X Z Gf\ku”:,l—m'B:'/l\';w\ v'A'w! (2[701', Rk'a') (35 1)
VN

where the substitutions ps; = poi, Poz = po; and po = 2pg; should be done to calculate
the coefficients B.

Putting a = a’ we obtain the expression for one-electron Coulomb contribution
to the matrix element H (3.22).

At last let us consider the integral of Q,-type (3.31). It differs from Q, (3.30)
by the presence of the product of two harmonics of O(4) instead of ¥, ().
Let us use Wigner—Biedenharn theorem and represent the product of 4-
dimensional spherical harmonics in the form of their finite sum:

Vot Q) Wor ()= ¥ Clnim, vAu; NLM )V i (Q) (3.52)

NLM

where coefficients C(nlm, vAu; NLM) are given by the integral (3.7). Further
let us take into consideration that

(p% + pz)~1 = (2170)_22(1 +cos a) = (21’0)_2[2‘1’100(9) +W¥500(Q)]. (3.53)

Making use of Egs. (3.52) and (3.53) we can transform the integral (3.51) to
the following sum of integrals of Qy-type:

Q=(- 1)M1+M2(2P0i)_4

2
x ¥ d, Y, C(v00, N Li—Mi;v.L—M,)

=1 U1
X Y C(nlm, v.L1—Ms; N>L,Mb>)
NoL, M,
2
x Y dy Y C(00,N{Li~M};viLi~M})
v'=1 vi=1

X Y C@'I'm',viLy—Mb5; NS LAYMY)

N3L M3

X Q1(N2LoM, N5LoM 5 Poi» Ria, Rivar), (3.54)

where d1=2, d,=1.
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To complete the calculation of the matrix element of H (3.22) we should evaluate
the integrals over d°n in Egs. (3.28) and (3.29). This procedure is quite simple.
Indeed, one can reduce the integral in Eq. (3.28) to the functions of Eq. (3.2)-type
if one transforms the momentum v to the spherical coordinates of R,-space.

J¢§0,N2L2M2 (MW poNsrsnrs () e™® 3Py
2
= (7 2% 2p) 27" 3 d,
v=1
! ! r 'y’ ’ N,L.M
X2, €000, N2LoMs ; 'LoM3)S i e’ (R). (3.55)

The integral in Eq. (3.29) can be reduced to an integral of Q-type by means of
Wigner-Biedenharn theorem with allowance made for the relation

3
2po)*(po+p*) 7= §1 d, W ,00(Q) (3.56)

where d, =1{5, 4, 1}.

As a result we obtain the desired expression for Coulomb integral in Eq. (3.29):
[ om0t marasss o szines () ™
— 2 Qo 1™ E
XY C(w00, NS LMY ; v L3M5)

X Y C(N:Ly—M>, viloM3 ; NsL3M3)Q a5 (o, R). (3.57)

N3Li3Ms3

4. Summary

We have calculated all the matrix elements for the given theory of the solution
of integral Hartree-Fock equations by the method of MO LCAO for many-
atomic molecules. We have showed that the matrix elements can be expressed
in the form of expansions in standard functions such as overlap integrals S(R)
and one-electron Coulomb integrals Q(R) which depend on inter-atomic
distances. Since the present theory of solution of integral Hartree-Fock equations
does not include any semi-empirical parameter, it can be used to carry out rather
precise ab initio calculations of electronic molecular terms (naturally, in the
frame of restricted precision of Hartree—Fock theory). In this work we did not
consider the problem of correlations in calculations of the electronic terms. This
is a subject of a special investigation.
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